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We study the topological properties of the two-body bound states in an interacting Haldane model
as a function of inter-particle interactions. In particular, we identify topological phases where the
two-body edge states have either the same or the opposite chirality as compared to single-particle
edge states. We highlight that in the moderately-interacting regime, which is relevant for the
experimental realization with ultracold atoms, the topological transition is affected by the internal
structure of the bound state and the phase boundaries are consequently deformed.
I. INTRODUCTION
The experimental advances and the deepened theoreti-
cal understanding in ultracold atoms [1–6], photonics [7–
11] and phononic systems [12–15] have made possible the
implementation of topologically non-trivial models on the
lattice. As these setups are made of neutral constituents,
it has been necessary to develop schemes for the realiza-
tion of artificial gauge potentials [16–19]. Single-particle
physics has been widely explored in these platforms, thus
opening the way to the investigation of the more demand-
ing many-body regime. The interplay between interac-
tions and topology indeed holds the promise to discover
exotic phases of matter, as the famous fractional quan-
tum Hall effect [20–23], or the even more challenging
symmetry-protected topological phases (SPTs) [24].
In preparation to the full many-body case, a simpler
but nevertheless rich scenario in which to explore the
role of interactions in topological systems is the few-body
regime. Two interacting particles on a lattice can form
a bound state (doublon) for both repulsive and attrac-
tive interactions, as a consequence of the finite single-
particle bandwidth in discrete models [25–27]. The dou-
blon wavefunction is very localized in the relative coor-
dinate, but the doublon center-of-mass can move across
the lattice through higher-order tunneling processes. In
this sense, doublons behave as particles with a large ef-
fective mass [25, 28]. However, their composite nature
arises dramatically, e.g. in affecting the boundary condi-
tions in an open system, leading to interaction-induced
Tamm-Shockley localization of the doublon at the edges
[29–33].
Most recently, increasing theoretical interest has been
devoted to the understanding of the effect of topology
in two-body systems [30, 32, 34–40]. In one dimen-
sional models such as the Su-Schrieffer-Heeger model
[30, 32, 35], on-site interactions break chiral symmetry
that protects the topological edge states, so that the pres-
ence of two-body topological edge states is no longer en-
sured. Conversely, in two dimensions, topological proper-
ties can appear also when all the symmetries are broken
(e.g. Chern insulators) and interactions can therefore
play an active role to induce novel and different topolog-
ical transitions.
Recent experiments observing chiral properties of two-
body states have addressed the dynamics of two inter-
acting photons in a single triangular plaquette [41] and
two interacting bosonic atoms on a ladder [42] with a
non-vanishing flux. Realizations of 2D geometries with
a large number of sites in each dimension are going to
be within experimental reach in the near future and the-
oretical studies in this direction are therefore of great
interest.
A first theoretical attempt to study two-body topo-
logical systems in 2D is represented by the hard-core
two-magnon excitations of a spin model on a square lat-
tice with finite flux, anisotropic hopping and nearest-
neighbour interactions [39, 40]. However, such a rather
speculative model lacks a straightforward experimental
implementation with current technologies. We instead
consider the Haldane model [43] as a minimal and ex-
perimentally realistic Hamiltonian containing the main
remarkable topological ingredients. This model has been
already realized in the non-interacting regime with ultra-
cold atoms [4]. Moreover, the dynamics in the lattice is
accessible through single-site manipulation [42, 44] and
protocols to observe topological edge states have been
proposed [45, 46].
In this work, we investigate the topological properties
of two interacting bosonic atoms in the Haldane model
with on-site interactions. Our analysis shows that in the
limit of very strong interactions, the doublon effectively
behaves like a single-particle with renormalized param-
eters. We identify regimes where the doublon topolog-
ical edge states exhibit either the same or the opposite
chirality compared to the single-particle topological edge
states. Even more interestingly, for the experimentally
relevant regime of moderate interactions, the composite
nature of the doublons is responsible for a sizeable mod-
ification of the topological phase diagram. Whereas we
focus our presentation on the case of two bosonic parti-
cles for simplicity, our results can be extended to a pair of
distinguishable particles irrespectively of their statistics.
The paper is organized as follows. In Sec. II, we intro-
duce the interacting Haldane model. In Sec. III, we derive
an effective Hamiltonian for the two-body bound states,
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Figure 1: (a) Graphic representation of the Haldane model
in the honeycomb lattice. The black and grey dots represents
the A and B sites forming the two different sublattices. The
phase φ of the next-nearest-neighbour hopping is taken to be
positive along the directions set by the purple arrows. (b-c)
An example of a next-nearest-neighbour hopping process for
the doublon at second (b) and third (c) order in perturbation
theory.
which applies from the strongly- to the moderately-
interacting regime. In Sec. IV, we discuss the doublon
spectrum, which is obtained from the effective Hamil-
tonian and from exact-diagonalization calculations. We
identify topological edge states, as well as non-topological
Tamm-Shockley edge states. In Sec. V, the topological
properties of the doublons are characterized. We inves-
tigate the topological phase diagram from the strongly-
to the moderately-interacting regime, and we discuss how
the phase boundaries are modified by the interactions. In
particular, we compare the chirality of the doublon edge
states with the one of the single particle states in regimes
of interactions that could be accessible in ultracold atom
experiments. In Sec. VI, we briefly discuss the regime
of small interactions, where the doublon bands approach
the scattering continuum. Finally, we draw our conclu-
sions in Sec. VII.
II. THE MODEL
Starting from the standard Haldane model on the hon-
eycomb lattice [43, 47]
HH = −J
∑
〈r′,r〉
(
aˆ†r′ bˆr + H.c.
)
+
∆
2
∑
r∈A
aˆ†raˆr −
∆
2
∑
r∈B
bˆ†rbˆr
− J ′
 ∑
〈〈r′,r〉〉+
A
aˆ†r′ aˆr e
iφ +
∑
〈〈r′,r〉〉+
B
bˆ†r′ bˆr e
iφ +H.c.
 , (1)
we introduce an on-site interaction term
HU = U
2
∑
r∈A
aˆ†raˆ
†
raˆraˆr +
U
2
∑
r∈B
bˆ†rbˆ
†
rbˆrbˆr , (2)
and consider the two-body problem governed by the
Hamiltonian H = HH +HU . In our notations, aˆ(†)r and
bˆ
(†)
r are the annihilation (creation) operators of a boson
at position r ∈ A,B either in the A or B-sublattices. The
symbol 〈r′, r〉 represents all nearest-neighbouring sites
where r′ and r belong to sublattice A and B respec-
tively, whereas 〈〈r′, r〉〉+S , with S = A,B, accounts for
all next-nearest-neighbouring hopping processes taking
place in the direction of the arrows in Fig. 1(a) within the
same sublattice. The nearest-neighbour hopping coeffi-
cient J > 0 is real, whereas the next-nearest-neighbour
hopping coefficient is complex with modulus J ′ and phase
φ. The on-site energy difference between the A and B-
sublattices is given by ∆. In this work, we are going to
focus on the repulsive U > 0 case, which ensures stability
in the ultracold atoms implementations. A similar anal-
ysis with analogous results can be carried out for U < 0.
III. EFFECTIVE DOUBLON HAMILTONIAN
For sufficiently large on-site interactions U , the high-
energy sector of the spectrum describes a tightly-bound
doublon state with energy of order U [25, 48], well sep-
arated from the scattering continuum. The decay into
two free particles is energetically forbidden and the dou-
blon is therefore stable. We can thus define the an-
nihilation (creation) operators αˆ
(†)
r ≡ aˆ(†)r aˆ(†)r /
√
2 and
βˆ
(†)
r ≡ bˆ(†)r bˆ(†)r /
√
2 that destroy (create) a doublon at po-
sition r in theA andB-sublattices, respectively. For large
interactions, we define the doublon subspace spanned by
{αˆ†r|0〉, βˆ†r |0〉}.
The doublon dynamics can be described by an effective
Hamiltonian in the doublon subspace and is obtained by
treating hopping processes in perturbation theory, as de-
picted in Figs. 1(b-c). Up to third order in perturbation
theory, the doublon effective Hamiltonian takes the form
Heff = (3)
− Jeff
∑
〈r′,r〉
(
αˆ†r′ βˆr + H.c.
)
−
 ∑
〈〈r′,r〉〉+
A
J ′Aeff e
iϕA αˆ†r′ αˆr −
∑
〈〈r′,r〉〉+
B
J ′Beff e
iϕB βˆ†r′ βˆr + H.c.
+∑
r∈A
∆Aeff αˆ
†
rαˆr +
∑
r∈B
∆Beff βˆ
†
r βˆr
where the full expression for the effective parameters is given in Appendix A.
3In the limit of very large interactions U ≫ J, J ′,∆,
second order perturbation theory, which considers pro-
cesses such as the one depicted in Fig. 1(b), is suffi-
cient to well capture the main features of the system.
The hopping parameters change sign compared to the
single-particle case and take the simple form Jeff =
−2J2U/(U2 − ∆2), J ′A,Beff = J ′∞ = −2J ′2/U . In next-
nearest neighbour hopping processes, doublons pick up
a phase ϕA,B = 2φ that is twice the single-particle one
(see also Ref. [36]). The on-site energy difference instead
becomes ∆Aeff − ∆Beff = 2∆ + 12J2U/(U2 − ∆2). Hence,
in the strongly interaction limit U ≫ J , second order
processes recover a standard Haldane model with renor-
malized parameters.
The situation is even more interesting in the interme-
diate interaction regime (U ≈ 30J), which is relevant for
experimental purposes [25, 42], and where the presence
of next-nearest-neighbour hopping processes makes the
inclusion of third order corrections (as the one depicted
in Fig. 1(c)) necessary for a quantitative description of
the system. First of all, as one can see from the ex-
plicit formulas in Appendix A, this leads to next-nearest-
neighbour doublon hopping phases ϕA,B 6= 2φ, namely
different from twice the single-particle one. Moreover,
a non-zero on-site energy difference ∆ between A and
B sites makes the next-nearest-neighbour hopping coef-
ficients of the effective Hamiltonian in Eq. (3) different
in the two sublattices both in amplitude J ′Aeff 6= J ′Beff and
phase ϕA 6= ϕB .
As a consequence, doublons are effectively described
by a generalized Haldane model in Eq. (3), still belong-
ing to the same topological class of the standard Haldane
model. Therefore, we do expect non-trivial topological
phases for the doublons as well. This is to be contrasted,
for instance, with the SSH model in one dimension where
on-site interactions break chiral symmetry, which is re-
quired for the topological protection of the edge states
[30].
IV. DOUBLON EDGE STATES
To show the existence of topological states for dou-
blons, we use the effective model in Eq. (3) and ex-
act diagonalization calculations in a ribbon geometry,
with open boundary conditions in the x-direction and
periodic boundary conditions in the y-direction. The
center-of-mass momentum along y is a good quantum
number and takes the values ky = 2pim/(
√
3aNy), for
m = 0, . . . Ny − 1, where Ny is the number of sites in
the y direction and a is the lattice spacing. A bearded
type of termination is chosen on both edges along the x-
direction, but analogous results are found also for zigzag
terminations.
In Fig. 2(a), we show the doublon energy spectrum
as a function of the center-of-mass momentum ky. Dots
are obtained from the exact diagonalization of the two-
body Hamiltonian, while solid lines are calculated from
(c)(b)
(a)
⇢
Figure 2: (a) Doublon energy spectrum as a function of the
center-of-mass momentum ky, with periodic boundary condi-
tions along y and open boundary conditions along x (bearded
termination on both ends). The dots are obtained from an ex-
act diagonalization of the two body Hamiltonian with the pa-
rameters Nx = 78, Ny = 51, J
′/J = 0.2, U/J = 30, φ = pi/5,
∆ = 0. The solid lines are obtained from the effective model
in Eq. (3) with the same parameters. (b-c) Particle density
per site ρ of the states highlighted with a red circle in (a), pro-
jected on the x-axis. In (b) we show the topological states la-
belled with L and R, respectively, localized on the left (L) and
on the right (R) edges. In (c) we show the Tamm-Shockley
states labelled with TL and TR, respectively, localized on the
left (TL) and on the right (TR) edges. Solid lines are ob-
tained from the effective model whereas the open circles are
the exact diagonalization results.
the effective model in Eq. (3), with effective parameters
calculated up to third order. The scattering continuum
is at much lower energy and is not shown.
With open boundary conditions, the different connec-
tivity of bulk and edge sites affects the contributions of
virtual processes, leading to different bulk and edge pa-
rameters in the effective model in Eq. (3) [30, 35]. The
main effect is to shift the on-site energy of the outermost
sites, thus effectively changing the termination for the
doublons from a bearded to a zigzag (see Appendix A
and B for more details).
The doublon spectrum shown in Fig. 2(a) is gapped,
and presents two different types of edge states. In the gap
between the two bands, we find topological edge states
(R,L), corresponding to a zigzag type of termination
[47, 49]. Moreover, two-body Tamm-Shockley edge states
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Figure 3: (a)-(b) Gap between the two doublon bands as a
function of the next-nearest-neighbour hopping phase φ and
the onsite A − B imbalance ∆ in units of |J ′∞| = 2J ′2/U for
J ′/J = 0.2, U/J = 500 (a) and U/J = 30 (b). The dia-
gram is obtained from the exact diagonalization of a system
with periodic boundary conditions (Nx = 60 and Ny = 51).
The gap closing points track the topological phase transition.
This transition is compared with the predictions of the phase
boundaries at second order (black dashed line) and third or-
der (white solid line) perturbation theory. (c) Critical phase
at ∆ = 0 as a function of U . Open circles are the gap clos-
ing points estimated with exact diagonalization. The dashed
and the solid line correspond to the prediction of the effec-
tive model at second and third order, respectively. The cross
corresponds to the parameters shown in Fig. 2. (d) Com-
parison between the single-particle topological phase diagram
(blue dashed line) and the doublon topological phase diagram
(red solid line) in units of the single-particle next-nearest-
neighbour hopping J ′, indicating the regions of non-vanishing
Chern numbers.
(TR,TL) [50, 51], which are absent in the non-interacting
limit, appear in the lower part of the spectrum. The
Tamm-Shockley states have no topological origin but are
purely generated by interactions as a consequence of the
different renormalization of the tight-binding parameters
at the edges [30, 32, 35]. Indeed, once the difference in the
edge parameters is compensated by a suitable external
potential, the Tamm-Shockley states disappear whereas
the in-gap states are preserved, as shown in Appendix. B.
In Fig. 2(b), we show the particle density per site of
the topological edge states (L,R) projected along the x-
direction. We clearly see that these states are exponen-
tially localized on the left and right edges of the sys-
tem, respectively. Figure 2(c) instead shows the particle
density of the Tamm-Shockley edge states (TL,TR). The
figures show a very good agreement between exact diag-
onalization (dots) and effective theory (solid line).
V. TOPOLOGICAL PHASE DIAGRAM
To further characterize the topological properties of
the doublons, we calculate the gap closing points in the
parameter space for a system with periodic boundary
conditions in both x and y-direction, thus tracing the
topological phase boundaries.
It is instructive to start from the very strongly-
interacting limit U ≫ J, J ′,∆. In Fig. 3(a), we show
the band gap for U/J = 500 calculated with exact di-
agonalization on a finite system. Moreover, we consider
the effective model in Eq. (3) up to second order, corre-
sponding to a standard Haldane model with renormalized
parameters, and in particular a next-nearest-neighbour
hopping phase of 2φ. In this case, the phase boundaries
are known analytically to be ∆criteff = ±6
√
3J
′2
U sin(2φ),
and are shown by the black dashed line in Fig. 3(a). From
a comparison of this line with the prediction of the gener-
alized Haldane model at third-order perturbation theory
(white solid line) and the exact numerical results (color
scale), we observe that higher-order processes are irrele-
vant at this value of U . The Chern numbers for the dif-
ferent bands are calculated in momentum space from the
effective model and are in agreement with the chirality
of the edge states numerically obtained from exact diag-
onalization with open boundary conditions. As a con-
sequence of the doubled next-nearest-neighbour hopping
phase discussed above, we observe a two-lobe structure,
with a staggered pattern of Chern number with period
pi. This is to be contrasted with the non-interacting Hal-
dane model, where the phase boundaries and the Chern
numbers display a 2pi periodicity in φ [43]. Moreover, as
a consequence of the sign change of the effective doublon
hopping Jeff in Eq. (3), the staggered pattern of doublon
Chern numbers for φ > 0 starts with C2Bn = −1, whereas
it starts with C1Bn = +1 for the single-particle.
As the strength of interactions is reduced, third order
processes become relevant. Even for ∆ = 0, the next-
nearest-neighbour hopping phases ϕA,B become compli-
cated functions of the bare single-particle phase φ, yield-
ing the deformed lobes shown in Fig. 3(b). Our results
show that the doublon topological phase with edge states
having the same chirality as the single-particle topologi-
cal edge states dominates when interactions are reduced.
In Fig. 3, we only show a portion of the phase dia-
gram. The phase boundaries are symmetric for ∆→ −∆
and φ → −φ, with the two lobes closer to φ = 0 be-
coming smaller for decreasing interactions. The alter-
nating pattern of Chern numbers, that is the sequence
[−1,+1,−1,+1] in the interval φ ∈ [−pi, pi], is the same as
the one discussed above in the strongly-interacting limit.
By comparison with exact-diagonalization, in Fig. 3(c)
we observe that third order corrections quantitatively
capture the boundaries of the topological transition down
to U/J ≈ 15.
In Fig. 3(d), we summarize the doublon and single-
particle phase diagram in units of the bare parameters.
As expected, at large values of ∆, both single-particles
5Figure 4: (a)-(d) Energy spectra of the two-body model as a function of the center-of-mass momentum ky with different inter-
actions, respectively U/J = 5, 3.5, 2.7, 2.5. The spectra are obtained from exact diagonalization of the two-body Hamiltonian
with periodic boundary conditions along y and open boundary conditions along x, with a bearded termination on both ends.
Parameters are: Nx = 78, Ny = 51, J
′/J = 0.2, φ = pi/3, ∆/J = 0.01. Only the first 3Nx eigenvalues from the top are shown.
The grey area indicates the region of energy of the scattering continuum.
and doublons are in a non-topological phase. As the
on-site energy difference ∆ is reduced while keeping φ
fixed, we first find a single-particle topological phase,
whereas doublons remain topologically trivial. A topo-
logical phase transition for doublons only occurs when
∆ is further reduced. This detrimental effect of interac-
tions can be largely ascribed to the reduced next-nearest-
neighbour hopping amplitude of the doublons.
The different regimes discussed above can be experi-
mentally addressed by tuning the lattice parameters ∆
and φ and the interaction strength U . This possibility
opens several scenarios for experiments where topology
is investigated through a dynamical protocol in either ul-
tracold atoms [5, 42] or photon systems [41]. For given
Hamiltonian parameters, one could prepare a pair of par-
ticles (atoms or photons) initially localized at the edge
of a 2D system and compare the time-evolution of the
density with the one of a chiral single-particle edge state.
Doublons could manifest different types of behaviour: (i)
a propagation of a localized edge mode with the same
or opposite chirality as the single-particle state, (ii) the
spread into the bulk and the absence of a chiral sig-
nal. This type of experiments would also highlight the
presence of interaction-induced non-topological Tamm-
Shockley edge states (see Fig. 2). Indeed, although an
initial overlap with the Tamm-Shockley states affects the
visibility of the chiral signal, the observation of an asym-
metric propagation in the clockwise vs. counter-clockwise
directions would give evidence of a superposition of topo-
logical and non-topological edge states.
VI. SMALL INTERACTIONS
As a final point, we briefly discuss the regime of small
interactions. The doublon bands are separated from the
scattering bands of free particles approximately by the
interaction energy U . As U ≈ J , the doublon bands ap-
proach the scattering continuum. In this regime, it is
natural to wonder about the fate of the two-body bound
states and more specifically about the fate of the topo-
logical doublon edge states.
This question is addressed in Fig. 4, where we show the
upper part of the two-body spectrum, as a function of
the center-of-mass momentum ky for different (decreas-
ing) values of U . To avoid overcrowding the figure, we
explicitly include only the highest scattering states, and
indicate the rest of the scattering continuum with the
shaded grey area. We see that the doublon bands even-
tually touch the scattering continuum. Interestingly, we
found that topological edge states are still present be-
tween the two upper bands down to U = 2.5J . Un-
derstanding this regime requires a further analysis to be
carried out in future work.
VII. CONCLUSIONS
We have investigated the physics of two interacting
particles in the Haldane model as a function of the
on-site interaction strength. We have found that, for
given Hamiltonian parameters, the topological proper-
ties of the bound state can be very different from those
of single-particle states. Most remarkably, in the in-
termediate interaction regime of experimental interest
for state-of-the-art ultracold atom systems, the topolog-
ical phase diagram of doublons is strongly influenced by
their composite nature, as well their dynamics. Future
work will address the consequences of the rich topological
one- and two-body physics onto the collective properties
of strongly correlated many-body systems of ultracold
atoms [52] or photons [53].
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Appendix A: Derivation of the effective Hamiltonian
for the doublons
In this first Appendix A, we provide details on the
derivation of the effective Hamiltonian for the two-body
bound state in the strongly interacting regimes and we
give explicit formulas for the next-to-leading order cor-
rections that are needed to accurately describe the inter-
mediate interaction regime via the generalized Haldane
model of Eq. (3).
We define the manifold of doublon states as the
states |d〉 with double occupancy and obtain the effec-
tive Hamiltonian in the doublon subspace by accounting
for the contributions of the single occupancy intermediate
states |s〉 coupled to |d〉 by single-particle hopping pro-
cesses. In the main text, we have defined the full Hamil-
tonian H = HH +HU as the sum of the non-interacting
Haldane model and the on-site interaction term in order
to highlight the structure of the underlying single-particle
model. For the purposes of the derivation of the effective
Hamiltonian in the doublon subspace, it is instead use-
ful to write H = H0 + V , being H0 the on-site part of
the Hamiltonian and V the nearest-neighbors and next-
nearest-neighbors hopping terms, that we are going to
treat as a perturbation in the strong interacting regime
U  J, J ′.
Hence, the on-site Hamiltonian H0, which can be
treated exactly, is given by
H0 =∆
2
∑
r∈A
aˆ†raˆr −
∆
2
∑
r∈B
bˆ†rbˆr (A1)
+
U
2
∑
r∈A
aˆ†raˆ
†
raˆraˆr +
U
2
∑
r∈B
bˆ†rbˆ
†
rbˆrbˆr ,
while the perturbation V reads
V =− J
∑
〈r′,r〉
(
aˆ†r′ bˆr + H.c.
)
(A2)
− J ′
 ∑
〈〈r′,r〉〉+
A
aˆ†r′ aˆr e
iφ +
∑
〈〈r′,r〉〉+
B
bˆ†r′ bˆr e
iφ +H.c.
 .
As the perturbation V only allows for single particle
hopping processes, any matrix element that directly cou-
ples two double occupancy states is zero 〈d|V |d′〉 = 0.
It is therefore needed to include higher-order terms in
perturbation theory. Going up to third order in V , the
non-zero matrix elements of the effective Hamiltonian are
given by [54, 55]
〈d|Heff|d′〉 =E0dδdd′ +
1
2
∑
s
〈d|V |s〉〈s|V |d′〉
[
1
E0d − E0s
+
1
E0d′ − E0s
]
(A3)
+
1
2
∑
ss′
〈d|V |s〉〈s|V |s′〉〈s′|V |d′〉
[
1
(E0d − E0s ) (E0d − E0s′)
+
1
(E0d′ − E0s ) (E0d′ − E0s′)
]
,
where E0n are the eigenvalues of H0 relative to eigenstate
|n〉. The matrix elements in Eq. (A3) provide effective
doublon hopping if |d〉 6= |d′〉 and effective energy shifts
if |d〉 = |d′〉. Inserting explicitly Eq. (A1) and Eq. (A2)
in Eq. (A3), and reminding that doublon states |d〉 are
spanned by the |αr〉 and |βr〉 basis, we calculate the effec-
tive nearest-neighbour doublon hopping up to third order
to be
−Jeff ≡〈αr′ |Heff|βr〉 = J2
(
1
U + ∆
+
1
U −∆
)
(A4)
− 4J
2J ′ cos(φ)
(U + ∆)
(
1
U
+
1
U + ∆
+
1
U + 2∆
)
− 4J
2J ′ cos(φ)
(U −∆)
(
1
U
+
1
U −∆ +
1
U − 2∆
)
.
In the same way, the effective next-nearest neighbour
7doublon hopping coefficients up to third order are
−J ′Aeff eiϕA ≡ 〈αr′ |Heff|αr〉 = (A5)
2
J ′2 ei2φ
U
− 2J
2J ′ eiφ
U + ∆
(
2
U
+
1
U + ∆
)
− 6J
′3 e−iφ
U2
,
and
−J ′Beff eiϕB ≡ 〈βr′ |Heff|βr〉 = (A6)
2
J ′2 ei2φ
U
− 2J
2J ′ eiφ
U −∆
(
2
U
+
1
U −∆
)
− 6J
′3 e−iφ
U2
,
where r′ and r lie within the same sublattice and hopping
occurs in the positive direction defined by the arrows in
Fig. 1(a) of the main text.
The doublon on-site energies on A and B sublattices
are given by
∆Aeff ≡ 〈αr|Heff|αr〉 = U + ∆ +
6J2
U + ∆
(A7)
+
12J ′2
U
+
24J2J ′ cos(φ)
U(U + ∆)
+
48J ′3 cos(3φ)
U2
and
∆Beff ≡ 〈βr|Heff|βr〉 = U −∆ +
6J2
U −∆ (A8)
+
12J ′2
U
+
24J2J ′ cos(φ)
U(U −∆) +
48J ′3 cos(3φ)
U2
.
In Eqs. (A4)-(A9), the power of J and J ′ indicates
how many nearest-neighbour and next-nearest-neighbour
hopping processes are involved.
As long as J ′ < J < U in Eqs. (A4)-(A9), there exists
the hierarchy of energy scales J
′3
U2 <
J2J′
U2 <
J2
U , which
makes only some of the contributions relevant for the pa-
rameters considered in the main text. In particular, the
terms scaling like J ′3 will be generally negligible. How-
ever, a main ingredient of our analysis is provided by the
competition between the first two terms in Eqs. (A5)-
(A6), which arises when interaction are reduced and the
two ratios JU and
J′
J become comparable.
The hopping coefficients in Eqs. (A4)-(A6) and the on-
site energies in Eqs. (A8)-(A9) are calculated by con-
sidering the coordination number of the lattice, and are
therefore valid only in the bulk of the system. On a
finite lattice, the lattice sites at the edges suffer some
corrections with respect to the bulk in terms of effective
hopping and on-site energy shifts, due to their different
coordination number. In Fig. 5 we show all the quantities
that get renormalized due to the presence of the edges.
In particular, the nearest-neighbour hopping on the last
link of the bearded termination, for both left and right
edges, is modified as follows:
−JeffEdge =J2
(
1
U + ∆
+
1
U −∆
)
(A9)
− 2J
2J ′ cos(φ)
(U + ∆)
(
1
U
+
1
U + ∆
+
1
U + 2∆
)
− 2J
2J ′ cos(φ)
(U −∆)
(
1
U
+
1
U −∆ +
1
U − 2∆
)
.
The next-nearest-neighbour hoppings on a vertical link
are modified as:
−J ′Aeff
Edge
eiϕA = −2J
′2 ei2φ
U
(A10)
+
2J2J ′ eiφ
U + ∆
(
2
U
+
1
U + ∆
)
+
3J ′3 e−iφ
U2
,
and
−J ′Beff
Edge
eiϕB = −2J
′2 ei2φ
U
(A11)
+
2J2J ′ eiφ
U −∆
(
2
U
+
1
U −∆
)
+
3J ′3 e−iφ
U2
.
Instead, the values of the next-nearest-neighbour hop-
pings on diagonal links, which are not shown in Fig. 5,
are the same as in the bulk. The doublon on-site energies
on a bearded termination on the left are:
∆Aeff
Edge, L
= U + ∆ +
2J2
U + ∆
+
8J ′2
U
(A12)
+
8J2J ′ cos(φ)
U(U + ∆)
+
24J ′3 cos(3φ)
U2
,
and
∆Beff
Edge, L
= U −∆ + 6J
2
U −∆ +
8J ′2
U
(A13)
+
16J2J ′ cos(φ)
U(U −∆) +
24J ′3 cos(3φ)
U2
,
while on the right we have:
∆Aeff
Edge, R
= U + ∆ +
6J2
U + ∆
+
8J ′2
U
(A14)
+
16J2J ′ cos(φ)
U(U + ∆)
+
24J ′3 cos(3φ)
U2
,
and
∆Beff
Edge, R
= U −∆ + 2J
2
U −∆ +
8J ′2
U
(A15)
+
8J2J ′ cos(φ)
U(U −∆) +
24J ′3 cos(3φ)
U2
.
In particular, the on-site energies are different in the
bulk and at the edges, with the edge sites having lower
energy. We define the difference of on-site energy between
8Figure 6: Energy spectrum of the doublons as a function of the center-of-mass momentum ky along the y direction, with
periodic boundary conditions along y and open boundary conditions along x with a bearded termination on both ends. The
spectra are obtained from the effective model in Eq. (3) of the main text, for Nx = 100, J
′/J = 0.2, U/J = 100, φ = pi/3,
∆/J = 0.001 and with additional on-site energy shifts µ on the edge sites. The energy of the site µ on the ν edge is increased
by (a) µ,ν = 0.25δEµ,ν , (b) µ,ν = 0.5δEµ,ν , (c) µ,ν = 0.75δEµ,ν , and (d) µ,ν = δEµ,ν , see notation in the text. The last case
corresponds to the uniform situation where there is no energy difference between the edge sites and the bulk sites.
bulk and edge as δEµ,ν = ∆
µ
eff − ∆µeffEdge, ν , where the
index µ refers to A and B sublattices, while the index
ν refers to the left or right edge. The energy shift is
the main cause of the non-topological localized Tamm-
Shockley doublon states that appear at the edges [50,
51], as discussed in the main text and in the following
Appendix B.
Appendix B: Tamm-Shockley states
In this second Appendix B, we provide more details
on the Tamm-Shockley states that appear on the edge of
the system and on their differences from topological edge
states.
This physics is illustrated in Fig. 6, where we show
the energy spectrum of the doublon as obtained from
the effective model in Eq. (3) of the main text. How-
ever, in addition to the δEµ,ν that arises from the ef-
fective model, we consider an arbitrary on-site potential
µ,ν acting on doublons sitting on the edge sites, where µ
refers to A and B sublattices, while ν refers to the left or
right edge. When the two energy shifts exactly compen-
sate µ,ν = δEµ,ν , we recover the uniform situation with
no energy difference between edge and bulk sites. The
Tamm-Shockley states, which are labelled with (TL) and
(TR) in Fig. 2 of the main text, are present at the bot-
tom of the lower band for µ,ν = 0. The energy difference
δEµ,ν − µ,ν between bulk and edge sites is progressively
decreased until it reaches zero, and the Tamm-Shockley
states are continuously absorbed into the band.
In the same figure, we also see that the presence of
the additional edge versus bulk energy shift is progres-
sively deforming the dispersion of the in-gap topological
edge states, labelled with (L) and (R) in Fig. 2 of the
main text. In particular, we notice that the region of
ky at which topological edge states are present gradually
changes. For µ,ν = 0, due to the onsite edge poten-
tial δEµ,ν on the last site of the bearded edge, the sys-
tem effectively shows the topological edge properties of
a zigzag termination. However, when the onsite edge po-
tential δEµ,ν is fully compensated by the additional edge
potential µ,ν , the edge properties are the usual ones cor-
responding to a bearded termination [47, 49, 56].
It is important to remind that the existence of topo-
logical edge states follows from the non-triviality of the
topological Chern invariant, which cannot change unless
the bandgap closes. Since the bandgap cannot close as
a result of an additional on-site edge potential, the edge
states (L) and (R) are topologically protected. This is
in contrast to what happens in the Su-Schrieffer-Heeger
model, in which the renormalization of the effective pa-
rameters at the edges does not allow for the existence of
topological doublon edge states [30, 32, 35, 36].
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